ABSTRACT. In [14] we defined and described the regular infinite or bounded p-gonal prism tilings in SL 2 R space. We proved that there exist infinitely many regular infinite p-gonal face-to-face prism tilings T i p (q) and infinitely many regular bounded p-gonal non-face-to-face prism tilings Tp(q) for integer parameters p, q,
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ABSTRACT. In [14] we defined and described the regular infinite or bounded p-gonal prism tilings in SL 2 R space. We proved that there exist infinitely many regular infinite p-gonal face-to-face prism tilings T i p (q) and infinitely many regular bounded p-gonal non-face-to-face prism tilings Tp(q) for integer parameters p, q, 3 ≤ p, 2p/(p − 2) < q. Moreover, in [5, 7] we have determined the symmetry group of Tp(q) via its index 2 rotational subgroup, denoted by pq2 1 and investigated the corresponding geodesic and translation ball packings.
In this paper, we study the structure of the regular infinite or bounded p-gonal prism tilings and we prove that the side curves of their base figures are arcs of Euclidean circles for each parameter. Furthermore, we examine the non-periodic geodesic ball packings of congruent regular nonperiodic prism tilings derived from the regular infinite pgonal face-to-face prism tilings T i p (q) in SL 2 R geometry. We develop a procedure to determine the densities of the above non-periodic optimal geodesic ball packings and apply this algorithm to them. We search for values of parameters p and q that provide the largest packing density. In this paper, we obtain greater density 0.626606 . . . for (p, q) = (29, 3) than the maximum density of the corresponding periodic geodesic ball packings under the groups pq2 1 .
In our work we use the projective model of SL 2 R introduced by Molnár as action on the complex projective line C ∞ (see [2, 3] ). This group is a three-dimensional manifold, because of its three independent real coordinates and with its usual neighborhood topology ( [8, 9, 16] 
with the positive, then the non-zero multiplicative equivalence as projective freedom in PS 3 and in P 3 , respectively. Then it follows that 0 > bc
3 describes the interior of the above one-sheeted hyperboloid solid H in the usual Euclidean coordinate simplex with the origin E 0 (1; 0; 0; 0) and the ideal points of the axes E ∞ 1 (0; 1; 0; 0), E ∞ 2 (0; 0; 1; 0), E ∞ 3 (0; 0; 0; 1). We consider the collineation group G * that acts on the projective sphere SP 3 and preserves a polarity, i.e., a scalar product of signature (− − ++), this group leaves the one sheeted hyperboloid solid H invariant. We have to choose an appropriate subgroup G of G * as an isometry group. Then the universal covering group and space H of H will be the hyperboloid model of SL 2 R, [2] .
The specific isometries S(ϕ), ϕ ∈ R, constitute a one parameter group given by the matrices:
The elements of S(ϕ) are the so-called fibre translations. We obtain a unique fibre line to each X(x 0 ; x 1 ; x 2 ; x 3 ) ∈ H as the orbit under the right action of S(ϕ) on X. The coordinates of points lying on the fibre line through X can be expressed as the images of X by S(ϕ):
The points of a fibre line through X by usual inhomogeneous Euclidean coordinates
are given by (1.4) (1; x; y; z)
for the projective space P 3 , where ideal points (at infinity) conventionally occur.
In (1.3) and (1.4) we can see the 2π periodicity of ϕ, moreover the (logical) extension to ϕ ∈ R, as a real parameter, to have the universal covers H and SL 2 R, respectively, through the projective sphere PS 3 . The elements of the isometry group of SL 2 R (and so by the above extension the isometries of SL 2 R) can be described by the matrix (a j i ), see [2, 3] . Moreover, we have the projective proportionality, of course. We define the translation group G T as a subgroup of the isometry group of SL 2 R, the isometries acting transitively on the points of H and by the above extension on the points of SL 2 R and H. G T maps the origin E 0 (1; 0; 0; 0) onto X(x 0 ; x 1 ; x 2 ; x 3 ). These isometries and their inverses (up to a positive determinant factor) are given by the following matrices:
The rotation about the fibre line through the origin E 0 (1; 0; 0; 0) by angle ω (−π < ω ≤ π) can be expressed by the following matrix,
and the rotation R X (ω) about the fibre line through X(x 0 ; x 1 ; x 2 ; x 3 ) by angle ω can be derived by formulas (1.5) and (1.6):
Horizontal intersection of the hyperboloid solid H with the plane
The fibre through X intersects the base plane
After [2], we introduce the so-called hyperboloid parametrization as follows:
where (r, θ) are polar coordinates of the base plane and ϕ is just the fibre coordinate. We note that
The inhomogeneous coordinates corresponding to (1.9), that play an important role in the later visualization of prism tilings in E 3 , are given by (1.10)
1.1. Geodesic balls in SL 2 R. Definition 1.1. The distance d(P 1 , P 2 ) between the points P 1 and P 2 is defined by the arc length of the geodesic curve from P 1 to P 2 .
Definition 1.2.
The geodesic sphere of radius ρ (denoted by S P1 (ρ)) with the center at P 1 is defined as the set of all points P 2 satisfying d(P 1 , P 2 ) = ρ. Moreover, we require that the geodesic sphere is a simply connected surface without self-intersection. . We obtain the connection between the hyperboloid coordinates (r, θ, ϕ) and the geographical coordinates (s, λ, α) in a standard way. Therefore, the volume of the geodesic ball of radius ρ can be computed by the following:
where Table 1 and ∂θ/∂λ = 1) are the corresponding Jacobians. In [14] , we defined and described the regular prisms and prism tilings with a space group class Γ = pq2 1 of SL 2 R. These will be summarized in this section. Definition 1.5. Let P i be an infinite solid that is bounded by certain surfaces determined (as in [14]) by "side fibre lines" passing through the vertices of a regular p-gon P b lying in the base plane. The images of solids P i by SL 2 R isometries are called infinite regular p-sided prisms. Here, regular means that the side surfaces are congruent to each other under rotations about a fiber line (e.g., through the origin).
The common part of P i , with the base plane is the base figure of P i that is denoted by P and its vertices coincide with the vertices of P b , but P is not assumed to be a polygon. Definition 1.6. A bounded regular p-sided prism is an isometric image of a solid which is bounded by the side surfaces of a regular p-sided infinite prism P i , its base figure P and the translated copy P t of P by a fibre translation, given by (1.2). The faces P and P t are called cover faces.
We consider regular prism tilings T p (q) by prisms P p (q) where q pieces regularly meet at each side edge by q-rotation.
The following theorem has been proved in [14]. Theorem 1.7. There exist regular, bounded prism tilings T p (q) in SL 2 R that are not face-to-face for all integers p and q such that 3 ≤ p and 2p/(p − 2) < q.
We assume that the prism P p (q) is a topological polyhedron having at each vertex one p-gonal cover face (it is not a polygon at all) and two skew quadrangles which lie on certain side surfaces in the model. Let P p (q) be one of the tiles of T p (q); P b is centered in the origin with vertices A 1 A 2 A 3 · · · A p in the base plane (Figures 1 and 2 A i B i are denoted by f i , i = 1, . . . , p, and the fibre line through the "midpoint" H of the curve c A1Ap is denoted by f 0 . This f 0 will be a half-screw axis as follows below. The tiling T p (q) is generated by a discrete isometry group Γ p (q) = (1.12)
Here a is a p-rotation about the fibre line through the origin (x axis), b is a q-rotation about the fibre line trough A 1 and s = bab is a screw motion s :
All these can be obtained by formulas (1.5) and (1.6). Then we get that abab = baba =: τ is a fibre translation. Then ab is a 2 1 half-screw motion about f 0 = HH τ (see Figure 1 ) that also determines the fibre translation τ above. This 
Theorem 1.8. Suppose we are given a sector-like region D, a continuous function r = r(θ), where the radius r depends upon the polar angle θ. The volume of the domain D(Ψ)) is derived by the following integral :
(1.14)
Letting P p (q) be an arbitrary bounded regular prism, we get the following.
Theorem 1.9. The volume of the bounded regular prism
is given by the following simple formula:
where Vol (D(p, q, Ψ)) is the volume of the sector-like three dimensional domain given by the sector region OA 1 A 2 ⊂ P (see Figures 1 and 3) and by Ψ, the SL 2 R height of the prism, depending on p, q. 
Regular infinite prism tilings and non-periodic ball packings.

Infinite regular prism tilings.
In this subsection, we study the regular infinite prism tilings T i p (q). Let T p (q) be a regular prism tiling, and let P p (q) be one of its tiles given by its base figure P, centered at the origin K with vertices By the construction of the bounded prism tilings it follows that the rotation through ω = 2π/q about the fibre lines f i maps the corresponding side face onto the neighboring one. Therefore, we obtain the following (see For the density of the packing it is sufficient to relate the volume of the optimal ball to that of the solid P opt p (q). The density of the optimal ball packing of the prism tiling T n p (q) (with integer parameters p ≥ 3 and q > 2p/(p − 2)) can be computed by the formula:
. In order to determine the optimal radius ρ opt (K) we will use the following lemmas.
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Lemma 2.2. The parametric equation of the side curve c G1G2 of the base figure P is
The equation of the side curve c G1G2 is derived by formulas (1.3) and (1.8). Therefore, they are congruent and their curvatures are equal in the SL 2 R sense. Moreover, the side curves are also congruent in the Euclidean sense; therefore, their curvatures are equal in the Euclidean sense as well. Our next lemma is obtained by applying some routine techniques commonly used in differential geometry. (i) It is easy to see that the asymptotic behavior of C p (q) is as follows:
(ii) Given a line and a point not on it, let x be the distance from the point to the line along the perpendicular segment dropped from the point to the line. Let ϕ = Π(x) be the least angle, such that the line drawn through the point at that angle does not intersect the given line. This angle is called the angle of parallelism. By the famous formula of J. Bolyai it follows that log(cot(ϕ)) = x. Therefore, if we denote the distance of parallelism of the angle ϕ by Λ(ϕ), then
) . Table 1 lists the radii of curvature r q 3 of the side curve c G1G2 of the base figure P. The maximum radius ρ opt (K) of the balls B opt K can be determined by applying the above lemmas for all possible parameters as the distance between the origin and c G1G2 . The volumes Vol (B opt K ) can be computed by Theorem 1.8, and the volumes of the prisms P opt p (q) can be determined by Theorem 1.9.
The above locally dense geodesic ball packings can be determined for all regular prism tilings T n p (q) (p, q as above); our results are summarized in Tables 2 and 3 . 
